In this paper, we first obtain the existence of solutions for a class of elliptic equations involving critical variable exponents and nonlinear boundary values by the mountain pass theorem and concentration compactness principle. Then, under suitable assumptions, we obtain a sequence of solutions with positive energies going towards infinity by Fountain Theorem.
Introduction
In the studies of electrorheological fluids, nonlinear elasticity, and image restoration in practical applications, the classical Lebesgue and Sobolev spaces are inapplicable; see [1] [2] [3] . Such problems are inhomogeneous and nonlinear with variable exponential growth conditions. So we need to study the problems based on the theory of variable exponent Lebesgue and Sobolev spaces.
Since Kováčik and Rákosník first studied the L p(x) spaces and W k,p(x) spaces in [4] , a lot of research has been done concerning these kinds of variable exponent spaces. The existence of solutions for p(x)-Laplacian Dirichlet problems on bounded domains has been widely discussed. For example, in [5] and [6] , some results as regards the existence of solutions under some conditions are obtained. The nonlinear elliptic boundary value problems appear when we study the conformal deformations on Riemannian manifolds with boundary. The study of nonlinear elliptic boundary value problems with p-Laplacian has become an interesting topic in recent years. Many results have been obtained on this kind of problems; see [7] [8] [9] . In the fractional Laplacian setting, the existence of solutions for the problem has been obtained; see [10] [11] [12] [13] [14] .
But at present there are few papers on the study of nonlinear elliptic boundary value problems with p(x)-Laplacian. So this topic is worth further discussing.
In this paper, we consider the problem where Ω ⊂ R N is a bounded domain with smooth boundary, p(x) is Lipschitz continuous and satisfies 1 < p 1 ≤ p(x) ≤ p 2 < N , p * (x) =
Np(x) N-p(x)
. We assume that a : Ω × R N → R is a Carathéodory function and we have the continuous derivative with respect to η of a function A : Ω × R N → R. Suppose that a and A satisfy the following hypotheses: for all x ∈ Ω and η ∈ R N .
(A3) For all x ∈ Ω and η 1 , η 2 ∈ R N , the following inequality holds:
where equality holds if and only if η 1 = η 2 . (A4) For all x ∈ Ω and η ∈ R N , the inequalities
The above type of assumptions can be found in other papers too; for example, see [15, 16] . But in [16] , the authors establish the existence of a solution for an elliptic problem with Dirichlet boundary conditions, and in [15] , the authors consider the subcritical case. In the present paper, the problem involves not only the critical Sobolev exponents, but also the nonlinear boundary conditions. Because of the critical exponents, the compactness of the embedding fails, so to recover the loss of the compactness, we use the concentration compactness principle in [17] .
Throughout this paper, we assume that the following conditions hold:
, and B(x, t) > 0 in ∂Ω × R, where C 2 is a positive constant and p
Preliminaries
We first recall some facts on spaces L p(x) and W k,p(x) . For details see [4, 18, 19] .
Let P(Ω) be the set of all Lebesgue measurable functions p :
where
is the class of all functions u such that
is a Banach space equipped with the norm
For any p ∈ P(Ω), we define the conjugate function p (x) as
For any p ∈ P(Ω), we denote
and we denote by p(x) q(x) the fact that inf x∈Ω (q(x) -p(x)) > 0.
Theorem 2.2 Let p
The variable exponent Sobolev space
then | · | and · W 1,p(x) are equivalent norms on W 1,p(x) (Ω). In fact, we have 
Theorem 2.3 For any u
∈ W 1,p(x) (Ω), we have (1) if |u | ≥ 1, then |u | p 1 ≤ Ω (|∇u| p(x) + |u| p(x) ) dx ≤ |u | p 2 ; (2) if |u | < 1, then |u | p 2 ≤ Ω (|∇u| p(x) + |u| p(x) ) dx ≤ |u | p 1 .p(x) ≤ q(x) p * (x), a.e. x ∈ Ω, then the embedding W 1,p(x) (Ω) → L q(x) (Ω) is compact.1 < p 1 ≤ p(x) ≤ p 2 < N , q is a measurable function defined on Ω with p(x) ≤ q(x) ≤ p * (x), a.e. x ∈ Ω, then the embedding W 1,p(x) (Ω) → L q(x) (Ω) is continuous.
Theorem 2.6 Let Ω ⊂ R N be an open bounded domain with Lipschitz boundary. Suppose that p ∈ C(Ω) and
then the boundary trace embedding
In the proof of the main results, we will use the following principle of concentration compactness in W 1,p(x) (Ω), established in [17] .
Theorem 2.7 Assume that p is Lipschitz continuous onΩ and satisfies
1 < p 1 ≤ p(x) ≤ p 2 < N , and Ω is a bounded domain in R N . Let {u n } ⊂ W 1,p(x) (Ω) with ∇u n L p(x) ≤ 1 such that u n → u weakly in W 1,p(x) (Ω), |∇u n | p(x) → μ weak- * in M(Ω), |u n | p * (x) → ν weak- * in M(Ω), as n → ∞. Denote C * = sup Ω |u| p * (x) dx : ∇u n L p(x) ≤ 1, u ∈ W 1,p(x) (Ω) .
Then the limit measures are of the form
where J is a countable set,
is a non-atomic nonnegative measure. The atoms and the regular part satisfy the generalized Sobolev inequality
ν(Ω) ≤ C * max μ(Ω) p * 2 /p 1 , μ(Ω) p * 1 /p 2 , ν j ≤ C * max μ p * 2 /p 1 j , μ p * 1 /p 2 j , ∀j ∈ J, (2.1) where p * 1 = inf x∈Ω p * (x), p * 2 = sup x∈Ω p * (x).
Existence of solutions for the problems
We say that
So next we need only to consider the existence of nontrivial critical points of I(u).
, and for all
In the same way, the function L leads to a conclusion similar to Lemma 3.2 and Lemma 3.3. Proof (1) There exists r > 0 such that inf{I(u) :
Lemma 3.4 ([20], Theorem 4.1) The mapping a is an operator of type S
From (F1), (F4) and (B1) we have
Next, from (A4),
, we get
As α 2 (x), p(x) are continuous on Ω, there exists δ 1 > 0 such that |α 2 (x) -α 2 (y)| < ε and |p(x) -p(y)| < ε for any ε ∈ (0, 1) whenever |x -y| < δ 1 . Take x ∈ Ω, for any y ∈ B δ 1 (x) (x) ∩ Ω, we have
and further
In the same manner, we get
Since Ω is compact, we can pick a finite sub-
. . , k}, we can use all the hypercubes whose length of the side is
which mutually have no common points, and
By Theorems 2.5 and 2.6, we know that there exist c 4 , c 5 > 1 such that
By (3.3), there exists 0 < t i < 1 such that g(t) is positive and increasing for any t ∈ (0, t i ].
There exists e ∈ W 1,p(x) (Ω) such that |e | > r, then we have I(e) < 0.
From (F1) and (F3), we have
for any (x, t) ∈ Ω 0 × R.
Next from (A1) and (A2), for any x ∈ Ω,
Pick x 0 ∈ Ω 0 . As μ 1 , p is continuous on Ω, there exists 0 < 2R < 1 such that . Then, for s > 1,
As p(x) > 1, if s is sufficiently large, then s 1-p(x) < 1. Thus
Because μ (i) First, we show that the (PS) sequence {u n } ⊂ W 1,p(x) is bounded.
Note that p(x) is Lipschitz continuous, then there exists a Lipschitz continuous function v(x) such that p(x) v(x) ≤ p
* (x) and
we obtain
By the Young inequality, we have
Take ε 1 = min{1,
Take ε 2 = min{1,
By the Young inequality again, we have
Take ε 3 = min{1,
. Since
we have
where C is constant. Moreover,
when n is sufficiently large, we obtain
(ii) Next, we show that the (PS) sequence {u n } ⊂ W 1,p(x) (Ω) possesses a convergent subsequence. We know that {u n } is bounded. As W 1,p(x) (Ω) is reflexive, passing to a subsequence (still denoted by {u n }), we may assume that there exists u ∈ W 1,p(x) (Ω) such that u n → u weakly in W 1,p(x) and u n → u a.e. on Ω.
From the definition of (PS) sequence, we obtain lim n→∞ I (u n ), u n -u = 0, i.e.
From Theorems 2.1 and 2.4,
From Theorems 2.1 and 2.6,
If we could verify that u n → u strongly in L p * (x) (Ω), we can obtain
Next, in order to complete Theorem 3.1, we prove the following lemma.
Lemma 3.5 Let the assumptions of Theorem
, there exists subsequence (still denoted by {u n }), u n → u a.e. on Ω. Note that {u n } ⊂ W 1,p(x) (Ω) is bounded, by Borel measure theory, we may assume that
M(Ω) is the space of finite nonnegative Borel measures on Ω.
From the principle of concentration compactness,
where J is a countable set, {x j , j ∈ J} ⊂ Ω, {ν j } ⊂ [0, +∞), δ x j is a measure concentrating upon x j , μ is a nonnegative non-atomic measure.
a. First, we show that μ({x j }) = ν({x j }) = 0 for any j ∈ J.
As Ω is compact, so we only need to verify, for any x ∈ Ω, there exists r 0 > 0 such that
Note that p(x) is Lipschitz continuous and p(x) p * (x), there exists r 0 > 0 such that
Note that
and
From absolute continuity of the integral, we have
Similarly, we can also obtain
Similarly, by the principle of concentration compactness
Multiple solutions for the problems
First, let us introduce some notation. Let O(N) be the group of orthogonal linear transformations in R N , and G be a subgroup of O(N). For x = 0, we denote the cardinality
The subspace of invariant functions is defined by
A functional ϕ :
If the space X is a separable and reflexive Banach space, there exist {e n } ∞ n=1 ⊂ X and {f
and X = span{e n : n = 1, 2, . . .}, X * = span{f n : n = 1, 2, . . .}.
For k = 1, 2, . . . we denote
In order to obtain the multiple solutions for the equation, we need the following hypotheses.
Let Ω be a G-invariant subset of R N , p(x) is Lipschitz continuous and G-invariant, and it satisfies 1 < p 1 ≤ p(x) ≤ p 2 < N . We have: (F5) f (gx, t) = f (x, t) for any g ∈ G, x ∈ Ω, t ∈ R. 
